We consider symmetric (not complete intersection) numerical semigroups S 5 , generated by five elements, and derive inequalities for degrees of syzygies of S 5 and find the lower bound F 5s for their Frobenius numbers. We study a special case W 5 of such semigroups, which satisfy the Watanabe Lemma [14] , and show that the lower bound F 5w for W 5 is stronger than F 5s , F 5w > F 5s .
Introduction
There exist m−1 polynomial identities [6] for degrees of syzygies associated with semigroup ring k[S m ].
They are a source of various relations for semigroups of different nature, e.g., the lower bound F CIm for the Frobenius number F and degrees e j of the 1st syzygy of complete intersection (CI) semigroups read (see [6] , Corollaries 1 and 2). The next nontrivial case is a symmetric (not CI) semigroup generated by m ≥ 4 integers. In [8] such semigroups with m = 4 were studied and the lower bound for F was found.
In the present paper we deal with more difficult case of symmetric (not CI) semigroups with m = 5.
Consider a symmetric numerical semigroup S 5 , which is not CI, and generated by five elements d i arranged in an ascendant order, d j < d j+1 . Its Hilbert series H (S 5 ; t) with Betti's numbers β 1 , β 2 reads,
z j = g − x j , y β 2 −j+1 = g − y j , g > x j , y j , z j , x j , y j , z j , g ∈ N, β 2 = 2(β 1 − 1).
and the Frobenius number is defined as follows, F (S 5 ) = g −σ 1 . There are two constraints more, β 1 > 4 and d 1 > 5. The inequality β 1 > 4 holds since a semigroup S 5 is not CI, and the condition d 1 > 5 is necessary since the numerical semigroup m, d 2 , . . . , d m is never symmetric [7] .
Let 
In (2) the maps φ 1 and φ 4 comprise the binomial generators with row-and column-vectors representations, respectively. The map φ 1 is of special interest,
The other two maps φ 2 and φ 3 comprise the monomial generators with (β 1 × β 2 ) and (β 2 × β 1 ) matrix representations, respectively.
Bearing in mind a map p i → t d i , write a minimal relation
corresponded to f i in (3) , and assume that all cancellations of similar terms in (4) are performed, i.e., no common elements d j appear in its r.h.s. and l.h.s., e.g.,
For convenience, let us choose matrices a ij , h ij in such a way that the smallest element d 1 appears only in the r.h.s. of (4), i.e., the summation index j in the l.h.s. of (4) is always running in the range 2 ≤ j ≤ 5. This reduction allows to make use of a staircase diagram 1 for a generic monomial ideal in the 4-dim integer lattice Z 4 (see [12] , sections 3, 6). The degrees x j of the 1st syzygy of S 5 are built as linear combinations of elements of the set {d 2 , d 3 , d 4 , d 5 }, i.e.,
In fact, the values of x i , as well as the other syzygies degrees y i , z i and g, do not depend on the chosen
The only difference appears in the shapes of the five staircase diagrams related to the corresponding bases. 1 For the first time the staircase diagrams are introduced for 3-and 4-generated semigroups in [2] and [10] , respectively.
Among β 1 degrees x i there exist five entries such that x j = v jj d j and neither integer v < v jj gives rise to the degree vd j which is contained in the set {x j } in the sense of (5), i.e.,
The degrees y i and z i of the 2nd and 3rd syzygies read [12] ,
where
for every j, 2 ≤ j ≤ 5, ∃ at least one i,
Denote the k-th power symmetric polynomials
for short by X k , Y k , Z k and prove an auxiliary Lemma.
Lemma 1 Let a symmetric (not CI) numerical semigroup S 5 be given with its Hilbert series H (S 5 ; z)
according to (1) . Then the following inequalities hold,
Proof Combine (5) and (7) and find a sum
Prove that B i ≥ 1. Indeed, according to (8) , for given i there exists at least one k * such that b k * i = 1
and, by virtue of (14), we get B i ≥ β 1 j=1 l jk * . However, according to (9) , for given k * there exists at least one j * such that l j * k * = 1 and finally, B i ≥ 1.
Proof of another inequality, D i ≥ 2, is similar. Indeed, according to (10) , for given i there exist at least one k * and one k * * such that c k * i , e k * * i ≥ 1. Then, by (14) , we get
Making use of these inequalities, B i ≥ 1 and D i ≥ 2, and comparing Z 1 and X 1 , we conclude,
On the other hand, performing a summation over j in relation z j = g − x j , given in (1), we get, Write four polynomial identities derived in [6] , formulas (6.12),
Represent equalities (16) in more convenient form
Two first equalities in (17) are consistent if
Consider elementary symmetric polynomials
which are related to each other by the Newton-Maclaurin inequalities [11] ,
Equalities in (20) are attainable iff w 1 = . . . = w n .
Define two other elementary symmetric polynomials in variables {x j } and {y j }, respectively,
Both sequences U 1 , . . . , U β 1 and V 1 , . . . , V β 2 satisfy inequalities (20), e.g.,
In sequel we make use of additional inequalities which can be derived combining different parts of (20),
Recall the Newton recursion identities for symmetric polynomials X r and U r ,
and write explicit expressions for the four first of them, r = 1, 2, 3, 4,
The similar relations may be written for another pair Y r and V r ,
Substitute (24, 25) into (18) and into the 1st and 3rd equalities of (17) and obtain,
Thus, we have
are positive in accordance with (22,23),
3 Inequalities for symmetric polynomials U r and V r Combine equalities (29,30) with two inequalities (22) for V 2 , V 3 ,
where χ is defined in (16). Substituting K j , L j into (32) we conclude that both inequalities (32a) and (32b) result in a single common inequality. Indeed, after simple calculations we obtain,
Introduce a new variable u n = U n /g n and prove Lemma.
Lemma 2 Let a symmetric (not CI) numerical semigroup S 5 be given with its Hilbert series H (S 5 ; z)
according to (1) . Then the following inequalities hold:
where u
Proof Write inequality (33) as follows,
On the other hand, by (23) the integers u 1 , u 2 satisfy
Inequality (37) holds always while inequality (36) is valid not for every u 1 . In order to make both inequalities consistent we have to find such range of u 1 where both inequalities (36,37) are satisfied for any u 1 within the range. First, consider an inequality between the r.h.s. in (36,37).
Solving the above quadratic inequality, we obtain
However, by Lemma 1 there exists more strong upper bound
Thus, combining both inequalities we arrive at (35).
In the opposite case, 0 < u 1 ≤ u − 1 , both inequalities (36,37) are still holding, but a sign in (38) has to be inverted and we arrive at (34). ✷ Apply a similar arguments to equality (31) and get,
Substituting M j from (31) into the last inequality and simplifying it, we arrive at
Denote by N = N 2 + N 1 + N ′ 0 and rewrite inequality (40) as follows
Make use of the 2nd inequality in (20) with r = 2, i.e., 3(
, and obtain
On the other hand, according to the 1st inequality in (20), r = 2, 3, we get
so that another inequality holds,
Inequalities (44) hold always while inequality (42) is valid not for every u 1 , u 2 . To make both inequalities consistent we have to find such ranges of u 1 , u 2 where both inequalities (42,44) are satisfied for any u 1 , u 2 within these ranges. In order to provide this statement we have to require that the upper bound of N in (42) exceeds the upper bound in (44),
where J(g) is defined in (40). Otherwise some solutions of (44) may not satisfy (42). Simplifying the above inequality in u 1 , u 2 we arrive at following representation,
4 Two lemmas on the greatest lower bound of g A brief analysis of the master inequality (45) with J(g), given in (40), shows that small values of g in denominator in J(g) will definitely provide the validity of (45), since, due to Lemma 2, both variables u 1 , u 2 are running in the finite ranges. Our goal in this section is to find the greatest lower bound GLB g = g s which is dependent on generators d j and Betti number β 1 only and provides the validity of inequality (45) for all u 1 , u 2 given in (34, 35).
The name greatest should not mislead the readers, since in its rigorous sense (not related to inequality (45)) for every numerical semigroup S 5 the GLB g is equal g, which appears in the Hilbert series (1) Here we prove two Lemmas 3, 4 on GLB g , related to the master inequality (45), in two different cases separately, when the variable u 1 is running in the ranges 0 < u 1 ≤ u
Lemma 3 Let a symmetric (not CI) numerical semigroup S 5 be given with its Hilbert series H (S 5 ; z)
according to (1) . If u 1 ∈ 0, u − 1 then the following inequality holds,
Proof Consider an inequality (45) where u 1 is running in the range [0, u
and rewrite it as follows,
The last inequality results in
Combining inequality in (48) with another inequality (34) for u 2 , which holds always, we conclude: if 2 The GLBg for nonsymmetric numerical semigroup d1, d2, d3 was calculated in [13, 4] , g3 * = √ 3 √ d1d2d3 and improved slightly in [5] , g3 * = √ 3 √ d1d2d3 + 1.
Substitute into inequality (49) expressions for u − 1 , A and E * from (34,45,47) and after detailed algebra and careful inspection we obtain finally,
Simplifying the last inequality we arrive at (46) with λ(β 1 ) < 1 since β 1 > 4. ✷ In order to find GLB g in the range
) plays a key role in determination of GLB g .
Proposition 1
In the domain D = u − 1 < u 1 < u ⊙ ; u 2 > 0 the following inequalities are equivalent: 
Proposition 2
The following relations are equivalent:
Proof a) ⇒ b). Substituting expression (50) for Ψ By consequence of (53,54), one more equivalence holds,
Consider two inequalities for u 2 : the 2nd inequality in (35), Lemma 2, and the 2nd inequality in (51), Proposition 1. Find such critical value g cr that for g > g cr both inequalities are satisfied in the range u − 1 < u 1 ≤ u ⊙ , however for any g < g cr there exist always such u 1 , u 2 , satisfying (51) but breaking (35). In Lemma 4 we show that such value g cr does exist and it is equal g s given in (46).
Lemma 4 Let a symmetric (not CI) numerical semigroup S 5 be given with its Hilbert series H (S 5 ; z)
according to (1) . If u 1 ∈ u − 1 , u ⊙ then the following hold,
Proof Substitute ψ(u 1 ) = Ψ 2 (u 1 ) into (52) and represent ∆(u 1 , g; Ψ 2 ) as follows,
Factorizing a quartic in u 1 polynomial ∆(u 1 , g s ; Ψ 2 ) and substituting (40) for J(g) into (57), we obtain
where u ± 1 are given in (39). Four roots of polynomial ∆(u 1 , g s ; Ψ 2 ), and the number u ⊙ and the running variable u 1 are arranged as follows,
By virtue of (58) and (59), if g > g s then ∆(u 1 , g; Ψ 2 ) > 0. Therefore, by equivalence (53) in Proposition 2, we have Ψ (56) is proven. To prove the 2nd part of Lemma we consider ∆(u 1 , g; Ψ 2 ) with g < g s that gives ∆(u 
i.e., if g < g s then there exists such range
In Figure 1 we illustrate the behavior of functions, g s ) and a distribution of the figurative points (u 1 into (60) and find q in the zero order of ξ,
Theorem 1 Let a symmetric (not CI) numerical semigroup S 5 be given with its Hilbert series H (S 5 ; z)
according to (1) . Then g ≥ g s . The greatest lower bound F 5s of the Frobenius number is F 5s = g s − σ 1 .
Proof In the range u 1 ∈ 0, u − 1 the proof is given in Lemma 3. In the range u 1 ∈ u − 1 , u ⊙ , due to Lemma 4, the following relations hold:
. Combining the last with Proposition 1 we get u 2 < Ψ + 4 (u 1 , g) < Ψ 2 (u 1 ). On the other hand, Lemma 4 states that inequality g < g s allows to exist such
. In other words, inequality (45) admits such
) that u 2 may exceed Ψ 2 (u 1 ) and contradict (35) in Lemma 2. Therefore, to exclude those cases, we have to restrict the appropriate values of g by g s from below that proves Theorem.
Formula for the greatest lower bound F 5s of the Frobenius number F (S 5 ) follows by relationship of the latter with g given in section 1. Compare F 5s with two other lower bounds of Frobenius numbers for symmetric CI [6] F CI 5 and nonsymmetric [10] F N S 5 semigroups generated by five elements,
5 Symmetric (not CI) semigroups S 5 with W property Watanabe [14] gave a construction of numerical semigroup S m generated by m elements starting with semigroup S m−1 generated by m − 1 elements and proved Lemma. To utilize this construction we define the following property. Proof All numerical semigroups with edim = 2 are symmetric CI, and all symmetric numerical semigroups with edim = 3 are CI [9] . Therefore, according to Definition 1, a minimal edim of symmetric CI semigroups with W property is edim 
Proof Consider symmetric (not CI) numerical semigroup S 4 generated by four integers, (without W property) and apply the recent result [8] on the greatest lower bound F 4s of its Frobenius number F (S 4 ),
where π 4 (δ) is denoted in (62). By relationship [2] between F (W 5 ) and F (S 4 ) we have, 
The function ρ(η) is positive for η > 0 and has an absolute minimum ρ(η m ) = 1.00713, η m = 1.01943, π 4 (δ) ≃ 1.08d
i.e., we have ρ(η m ) > 1 that proves Proposition. ✷ By definition of the Frobenius number and Proposition 4 we get another inequality, F 5w > F 5s .
Numerical experiments with symmetric (not CI) semigroups S 5
In this section we present the numerical results for parameters of symmetric (not CI) semigroups S 5 with different β 1 = 6, 7, 8, 9, 13. Notations in Tables 1, 2 are defined throughout previous sections. Table 1 . Parameters of symmetric (not CI) semigroups A 6 j , j ≤ 9, with W property and A 6 10 without it. All semigroups are presented in section 4; their 1st Betti number is β 1 = 6; u 
